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Abstract

This paper is devoted to studying a g-analogue of Sturm-Liouville eigenvalue
problems. We formulate a self-adjoint g-difference operator in a Hilbert space.
Some of the properties of the eigenvalues and the eigenfunctions are discussed.
Green’s function is constructed and the problem in question is inverted into
a g-type Fredholm integral operator with a symmetric kernel. The set of
eigenfunctions is shown to be a complete orthogonal set in the Hilbert space.
Examples involving basic trigonometric functions are involved.

PACS numbers: 02.30.Ks, 02.30.Sa, 02.30.Tb
Mathematics Subject Classification: 33D15, 34L10, 39A13

1. Introduction

Let [a, b] C R be a finite closed interval and v(-) be a continuous real-valued function defined
on [a, b]. By a Sturm-Liouville problem we mean the problem of finding a function y(-) and
anumber A € C satisfying the differential equation

Ly = —y"+v(x)y(x) = Ay(x), a <x<b, (1.1

together with the boundary conditions

Ui(y) i=a1y(a) + azy'(a) = 0, (1.2)
Uz(y) := biy(b) + bay'(b) = 0, (1.3)

where a; and b;, i = 1, 2, are real numbers for which

lai| + laz| # 0 # |b1| + |ba]. (1.4)

This problem has been extensively studied. It is known that the differential equation (1.1) and
the boundary conditions (1.2), (1.3) determine a self-adjoint operator in L?(a, b). There is a
sequence of real numbers {A,}52, with oo as the unique limit point such that corresponding
to each A, there is one and only one linearly independent solution of the problem (1.1)—(1.3).
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The sequence {A,},2 is called the sequence of eigenvalues and the sequence of corresponding
solutions {¢,(-)};2, is said to be a sequence of eigenfunctions. One of the most important
properties of these eigenfunctions is that {¢,(-)}2, is an orthogonal basis of L?*(a, b). For
example, let v(x) = 0on[a, b]. f wetakea =0,b =m,a; =1,a, =0,by = 1 and b, =0,
we get

A = 12, $n(x) = sinnx, n=12,..., (1.5)

leading to the well-known fact that {sinnx};2 | is a complete orthogonal set of L?(0, ), while
takinga =0,b =m,ay =0,a, = 1,b; =0and b, = 1, we get

Ay = 12, $u(x) = cosnx, n=0,1,2,..., (1.6)

which leads to the completeness of {cos nx};2 in L?(0, ). We mention here that the Fourier
orthogonal basis {ei’”‘},‘i"=O of L*(—m, ) will not be extracted from this setting but from a
simpler situation, namely the first-order problem

—iy" =2y, y(=m) = y(7). (1.7)
Among several references for the above-mentioned facts we mention the monographs of
Coddington and Levinson [12], Estham [13], Levitan and Saragsjan [30, 31], Marchenko [33]
and Titchmarsh [39].

The discrete analogue of the theory outlined above, i.e. when the differential operator d/dx
is replaced by the forward difference operator Ay(n) = y(n + 1) — y(n) and the backward
operator Vy(n) = y(n) — y(n — 1) where n is a positive integer belonging to a finite set of
integers of the form {m,m + 1,m+2,...,m+ N, m > 1}, is treated in Atkinson’s [5] (see
also [27]).

The aim of this paper is to study a basic analogue of Sturm-Liouville systems when
the differential operator is replaced by the g-difference operator D, (see (2.12), (2.13)).
In [14, chapter 5] and [15], a basic Sturm-Liouville system is defined. It is the system

D, (r(x)Dyy) + (I(x) + Aw(x))y(gx) =0, a<x<b, (1.8)
hiy(a) + hoDyy(a) =0, (1.9)
kiy(b) +kyDyy(b) = 0, (1.10)

where r(-), [(-) and w(-) are the real-valued functions which possess appropriate g-derivatives,
hy, hy, ki, ko are constants. It is proved [14, pp 164—70] that all eigenvalues of this system
are real and the eigenfunctions satisfy an orthogonality relation [14, equation (5.1.5)]. Exton
[14] considered only formal computational aspects of this problem in order to prove certain
orthogonality relations of some g-special functions. There is no attention paid to several
points, which may lead to several mistakes. First the existence of eigenvalues is not proved
and it is not indicated how to determine the eigenvalues and the eigenfunctions. A basic
point here is that if a % 0 # b, then it is not guaranteed that initial conditions at either a
or b determine a unique solution of (1.8) (see [32]). The geometric and algebraic simplicity
of the eigenvalues, which play a major role in proving the reality of the eigenvalues and the
orthogonality of the eigenfunctions, are not proved or even assumed. Moreover the space
where the problem is defined is not specified. If an inner product is defined in the view of
[14, equation (5.1.5)], there will be no orthogonality if /1, h,, k; and k; are not real. For more
information concerning the monograph [14], see the review by Ismail in [21]. See also the
review of [15] by Hahn in [20]. In the present paper we formulate a self-adjoint basic Sturm—
Liouville eigenvalue problem in a Hilbert space. We prove the existence of a sequence of
real eigenvalues with no finite limit points. The associated Green function is constructed and
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the equivalence between the basic Sturm—Liouville problem and a g-type Fredholm integral
operator is proved. Illustrative examples are given at the end of this paper.

There are several physical models involving g-(basic) derivatives, g-integrals, g-functions
and their related problems (see, e.g., [11, 16, 17, 19, 34]). Also the problem of expendability of
functions in terms of g-orthogonal functions, which seems to be first discussed by Carmichael
in [9, 10], has attracted the work of several authors (see, e.g., [7, 8, 23, 35, 36]). However, as
far as we know, there is no study of the general problem as we do in the present setting. At
this point, it is worth mentioning that our work based on the g-difference operator which is
attributed to Jackson, see [25], and a similar study of the Stum-Liouville systems generated
by the Askey—Wilson derivative, cf [4] is very much needed.

2. g-Notation and results

In this section we introduce some of the required g-notation and results. Throughout this
paper ¢ is a positive number with 0 < g < 1. We start with the g-shifted factorial, see [18],
fora € C,

1, n =0,
= {l_[?z(}(l —aq'), n=1,2,.... @D
The multiple g-shifted factorial for complex numbers ay, . .., a; is defined by
k
(@ a, ., ai; @ = [ [(@j; - 22)

j=1
The limit of (a; q), as n tends to infinity exists and will be denoted by (a; ¢)oo. Let ¢, denote
the g-hypergeometric series

o0
a,...,a (@i, Dn a2+
+bs X )= x"(— . 2.3
? (bl,...,bs K > g(q,bl,...,bs;q)n cam @

The third type of g-Bessel function is defined by

, (g Q)ool¢1 ( 0
(@5 @)oo q"*!

see [22, 24]. This function is called in some literature the Hahn—Exton g-Bessel function (see
[37]). Since the other types of the g-Bessel functions, i.e. J(-; ¢), JP(-; q), see [22], will
not be used here we use the notation J, (-; g) for 1‘53) (*; g). The basic trigonometric functions
cos(x; g) and sin(x; ¢) are defined on C by

1153)(x; q):=x

q; qx2> , v>—1, 2.4)

= q" (x(1—g)™
: = _HYyr=-—_ 77 2.5
cos(x: q) ;( ) (g5 9)on @
_ (qz; qz)oo 12 )
=——>— 0 =q)""Jap-9)/Vq: 9, (2.6)
(45 470
. oo q’“”“)(x(l _ q))2n+l
: = —_1H* 2.7
sm(x q) nZ:;( ) (Qa q)2n+1 ( )
2. .2
= W59 (1= ) a1 - ), @8)

T (@% 9D
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and they are g-analogues of the cosine and sine functions [2, 18]. It is proved in [29] that
J,(, qz) has an infinite number of real and simple zeros only. Moreover, cf [1], if w,ﬁf ) om > 1,
denote the positive zeros of J, (-, ¢*) and g>"** < (1 — ¢?)?, then

o0
(v)
w,(,:’) = g~ Zen(f) < 00, 0< en(f) < 1. 2.9)

m=1

It is also proved in [1] that for any g € (0, 1), the zeros {wf,f)};’fzo of J,(z; qz) have form (2.9)
for sufficiently large m. From (2.6), (2.8) and (2.9) sin(-; ¢) and cos(-; ¢) have only real and

simple zeros {0, £x,,};,_, and {£y,}.._, respectively, where x,,, y,, > 0, m > 1 and

(=1/2)

Xm=(1—q) g7 if ¢ <-g%% (2.10)

1 —m (/2 i
ym = (1 —q) g™ if ¢°<1-g¢H% (2.11)

Moreover, for any g € (0, 1), (2.10) and (2.11) hold for sufficiently large m.

For u € R,aset A C Ris called a u-geometric set if ux € Aforallx € A. fACR
is a p1-geometric set, then it contains all geometric sequences {xu"}7° ), x € A. Let f bea
function, real or complex-valued, defined on a g-geometric set A. The g-difference operator
is defined by

D, f(x) = M x € A/{0}. (2.12)
X —qx
If 0 € A, the g-derivative at zero is defined by
ny __ 0
D, f(O) = tim LEO =IO oy (2.13)
n—oo xq

if the limit exists and does not depend on x. A right inverse to D, the Jackson g-integration,
cf [26], is given by

x ()
f fOdgti=x(1-q) ) q"f(xg"),  x€A, (2.14)
0 n=0
provided that the series converges, and

b b a
/ f@®)dgt ::/ f(t)dqt—/ f®)dgt, a,beA. (2.15)
a 0 0

Lemma 2.1. The necessary and sufficient condition for the existence of the g-integral (2.14)
is that limy_, o quf(qu) =0.
Proof. Based on the fact that, for x € C
lim xq* f(xg") =0 = Fa € [0.1[3C > 0.1 (x¢")| < Clrg'|™, keN. O
—00

Kac and Cheung [28, p 68] have proved that if x* f (x) is bounded on [0, a] for some
0 <a < 1,then f(f f () dgyt exists for all x € [0, a]. It is not hard to see that

quo F@)dgt = f(x), /0 Dy f(t)dyt = f(a) — f(0). (2.16)

The second identity in (2.16) occurs when f(-) is g-regular at zero, i.e.

lim f(xq") = f(0), forall x € A. (2.17)
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The non-symmetric Leibniz’ rule

Dy(fg)(x) = g(x)Dy f(x) + f(gx)Dgg(x) (2.18)
holds.  Relation (2.18) can be symmetrized using the relation f(gx) = f(x) —
x(1 — q)D, f(x), giving the additional term x(1 — q)D, f(x)D,g(x). Also the rule of
g-integration by parts is nothing but

a

/0 §()Dy f(x) dgx = (fg)(a) — lim (fg)(ag") —/0 Dy g(x) f(gx)dgx. (2.19)

If f, g are g-regular at zero, then lim,,_, »,(fg)(ag™) on the right-hand side of (2.19) will be
replaced by (fg)(0). A self-contained g-calculus may be found in [32]. In the following we
define Hilbert spaces where our g-Sturm—Liouville problem will be considered. Let Lc2/ 0, a)
be the space of all complex-valued functions defined on [0, a] such that

a 1/2
1f] = (fo If(X)IquX) < . (2.20)

The space L; (0, a) is a separable Hilbert space with the inner product

(f.g):= / f(x)g(x) dgx, f.g € L;0,a), (2.21)
0
and the orthonormal basis
1
N X = aq",
n(x) = Vx(I —¢q) (2.22)
0, otherwise,

n=20,1,2,..., cf [3]. The space Lf]((O, a) x (0, a)) is the space of all complex-valued
functions f(x, t) defined on [0, a] x [0, a] such that

a a 1/2
1f Gz = (/0 /0 | f(x, )] dgx dqt> < o0. (2.23)

Lemma 2.2. L;((O, a) x (0, a)) is a separable Hilbert space with the inner product

(f, 8)y = /0 /0 fx,)gx, t)dyxdgt. (2.24)

Proof. Similar to [3, pp 217-8], L;((O, a) x (0, a)) is a Banach space. The elements of
L;((O, a) x (0, a)) are equivalence classes where f, g are in the same equivalence class if
flaq™,aq") = glaq™,aq™),m,n € N. The zero element is the equivalence class of all
functions f(x, ¢t) which satisfy f(ag™, aq™) = 0, for all m, n € N. To prove separability, it
suffices to prove that

Qij(x,t) :=¢;(x)p; (1), i,j=1,2,..., (2.25)

is an orthonormal basis of LZ ((0, a) x (0, a)) whenever {¢;(-)}72, is an orthonormal basis of
L;(O, a). Indeed,
(Pjks Pmn)2 = / / @ ()P ()P ()P (1) dgx dyt
0o Jo

:f (bj(X)@(X)qu/ ¢k(t)a(t) dqt = 5jm8knv
0 0
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proving orthogonality. To prove that {¢;;} is a basis, we prove that if there exists
fe Lé((O, a) x (0, a)) such that (£, ¢;;)» = 0, then f is the zero element. Indeed,

0= (f. i) =/0 /0 fx, 1) (x); (1) dgx dyt

:/0 W(/O f(x,t)q&,»(x)dqx) dqt:/O h(t)g;(t)d,t.
Thus
h(t) = /0 fx, )¢ (x)dyx (2.26)

is orthogonal to the ¢; which implies that h(aq") = O for all n € N. So, f(x,aq") is
orthogonal to each ¢;. Consequently, f(ag™, aq™) =0, forallm,n € N. |

3. Fundamental solutions

In this section we investigate the fundamental solutions of the basic Sturm—Liouville equation
1

—=Dy;1Dyy(x) +v(x)y(x) = Ay(x), 0<x<ax<oo, 1 eC, 3.1
q

where v(-) is defined on [0, a] and continuous at zero. Let qu (0, a) be the space of all functions
¥(-) defined on [0, a] such that y(-), D,y(-) are continuous at zero. Clearly, CZ(O, a)isa
subspace of the Hilbert space L; (0, a). By a solution of equation (3.1), we mean a continuous
at zero function that satisfies (3.1) such that the function and its g-derivative have prescribed
values at x = 0. Itis proved in [32] that (3.1) has a fundamental set of solutions which consists
of two linearly independent solutions {y; (-), y2(-)}. The g-Wronskian of y;(-), y»(-) is defined
to be

W, (1, y2) () := y1(x) Dy y2(x) — y2(x) Dy y1(x), x €[0,al]. (3.2)

{y1, y»} forms a fundamental set of solutions if and only if their g-Wronskian does not vanish
at any point of [0, a]. See [32, 38].

Theorem 3.1. For ¢, c; € C, equation (3.1) has a unique solution in C; (0, a) which satisfies
¢ (0, 1) =cy, Dy-19(0, 1) = 2, A e C. 3.3)

Moreover ¢ (x, A) is entire in ) for all x € [0, al, where the g~ -derivative of a function f(x)
at zero is given by

-ny _ £(0
Dy f(o) = tim LX D =TO o) (3.4)
n——oo xq n
Proof. The functions
sin(sx; q)’ A0
@1(x, A) = cos(sx; q), and Pa(x, A) = (3.5)
X, A=0,

where s := /A is defined with respect to the principal branch, are a fundamental set of

1
;ququy(x) +Ay(x) =0, 3.6)
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with the g-Wronskian W, (¢1(-, A), ¢2(-, A)) = 1 (cf [32]). For all x € [0,a], A € C, we
define a sequence {y,, (-, A)};,_, of successive approximations by

yi(x, A) = cro1(x, A) + c202(x, A), 3.7
Ym+1(X, &) = c191(x, &) + c292(x, 1)

+q/ {p2(x, Mo1(qt, 1) — o1 (x, Mea(qt, M}v(gt)yu(qt, 1) dgt. (3.8)
0

We prove that for each fixed A € C the uniform limit of {y,, (-, A)}r_, as m — oo exists and
defines a solution of (3.1) and (3.3). Let A € C be fixed. There exist positive numbers K (1)
and A such that

v(x)| < A, i (x, M| </ @; i=12 xel0,a]l. (39

Let KA = (le1]+cal)y/ £, Then, from (3.9), [y1(x, 1)| < K1), forall x € [0, a]. Using
mathematical induction, we have

m(r;+l) (AK()»)X(I - q))m

Y1 (6, 1) = v (x, )] < K(0)g m=12... (310
(@5 Dm
Consequently by Weierstrass’ test the series
[o.¢]
V@A) + D et (8, 4) = yu(x, 2) (3.11)

m=1
converges uniformly in [0, a]. Since the mth partial sum of the series is nothing but y,,+; (-, A),
then y,,4+1(-, A) approaches a function ¢ (-, A) uniformly in [0, a] as m — oo, where ¢ (x, A)
is the sum of the series. We can also prove by induction on m that y,,(x, A) and D, y,,(x, )
are continuous at zero, where

qum+l (x,A) = Cquwl (x,A) + CqugDz(x, A)

+q/ {Dyr(x, Mpi1(qt, L) — Dypi(x, M)ga(gt, M}v(gt)ym(gt, A) dgt,
0
(3.12)

m = 1,2,.... Hence, both ¢(-,A) and D,¢(-, A) are continuous at zero, i.e. ¢(-,A) €
qu (0, a). Because of the uniform convergence, letting m — oo in (3.8) we obtain

d(x, L) =cro1(x, 1) + c292(x, A)
+qf {o2(x, M1 (qt, 1) — @1(x, VDga(qt, M)}v(g)e(qt, A) dyt. (3.13)
0

We prove that ¢ (-, A) satisfies (3.1) and (3.3). Clearly ¢ (0, A) = ¢; and
¢(ana )") - ¢(07 )\')
xq"
ie. ¢(x, 1) satisfies (3.3). To prove that ¢ (-, 1) satisfies (3.1), we distinguish between two

cases, x # 0 and x = 0. If x # 0, then from (2.16),

Dq¢(xs )") = CquQﬂl(.x, )") + C2Dq(p2(x» )")
+qf( {Dyda(x, Mp1(gt, M) — Dyo1(x, Mea(qt, M}v(gt)d(qt, L) dgt
)
(3.15)

D, 1¢(0,2) = lim = 1Dy 11(0,2) + 2Dy 1¢2(0, 1) = ¢2,  (3.14)
n—0oQ



3782 M H Annaby and Z S Mansour

and hence

—1 X
—Dy-1Dy¢p(x, 1) = TDq—qufm(x,?») <Cl —/0 @2(qt, Mv(gt)o(qt, 1) dqt>

1 X
- 5Dq—1quz(x, A) <62 +f ei1(qt, Mv(gt)p(qt, X) dqt> —v(x)P(x, ).
0
(3.16)
Substituting from (3.5), (3.6) and (3.13) into (3.16), we conclude that ¢ (x, 1) satisfies (3.1)
for x # 0. If x = 0, then (3.1) is nothing but
D;y(0) — qv(0)y(0) = —giy(0). (3.17)
Obviously
D;$(0. 1) = c1 D1 (0, 1) + 2D, 02(0, 1) + qv(0) (0, 1)
= —c19A1(0, &) — c2g292(0, 1) + gv(0)¢ (0, 1)
= —qAr$(0,2) +qv(0)¢p (0, 1) (3.18)

Hence ¢ (x, 1) satisfies (3.1). To prove that problem (3.1), (3.3) has a unique solution,
suppose on the contrary that v;(-,1),i = 1,2, are two solutions of (3.1), (3.3). Let
Xx(x,A) = ¥i(x, ) — ¥a(x, 1), x € [0,a]. Then x(-,A) is a solution of (3.1) subject to
the initial conditions x (0, 1) = D,-1x(0, A) = 0. Applying the g-integration process twice
to (3.1) yields

x(x,A) = /(; x =X —=v@)x(t, 1) d,t. (3.19)

Since x(x, ), v(x) are continuous at zero, then there exist positive numbers N, ;, M,
such that
Ny =sup|x(xq", MI, M, = sup|r —v(xg")|. (3.20)
neN neN
Again we can prove by mathematical induction on & that
2%k

1% Ce, M < Ny ME g% (1 — )Zkrfcq) . keN, xel0.a] 3.21)
3 q)2k
Indeed, if (3.21) holds at k € N, then from (3.19)
a—g*
X (e, W) < N ME G Ton ( — 0k d,r
=N, AM"”qkquk” a- )2k+2x2k+2
M (95 @)2k+2
= NoaMiqeer U2 T e, (322)
(95 @)ok+2
Hence (3.21) holds at k + 1. Consequently (3.21) holds for all k € N because from (3.20)
it holds at k = 0. Since limi_.o M¥,q" (1 — g)*+ q) = 0, then x(x,A) = 0, for all

€ [0, a]. This proves the uniqueness. Now, Let M > 0 be arbitrary but fixed. To prove that
¢(x, 1), x € [0, al, is entire in A, it is sufficient to prove that ¢ (x, A) is analytic in each disc
Qs Qu := {1 € C: |A| < M}. We prove by induction on m that

forall x €[0,a] yn(x,A) isanalyticon 2y, (3.23)

0
forall A e Qy aym (x,A) 1is continuous at (0, 1). (3.24)
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Clearly, ¢;(x, 1), ¢2(x, A) are entire functions of A for x € [0, a]. Moreover %qﬁi (x,A) is
continuous at (0, 1) for each A € C. Then (3.23) and (3.24) hold at m = 1. Assume that
(3.23) and (3.24) hold at m > 1. Then for xy € [0, a], Ao € Q, we obtain

3)’m l(x07 )‘) a§02(X(), )‘-) o
e =q——F / o1(qt, VD ym(qt, 1) dgt
aIr A= oA =g JO
dyi(xo, A) 91 (x0, 1) o
Lrre— Bk e ©2(qt, Mym(qt, 1) dgt
A=Xg A=Xg 0

g ([
Jf‘]‘.Dz()Co,)x)a—)L </ (Pl(ql,)»)ym(qt,)»)dql)
0

A=Ao

(3.25)

o ([
_q(pl(XOa)\)a_ (/ fﬂz(qf, )»))’m(f]f,)\) dqt)
A \Jo

A=%o

From (3.24) we conclude that 9/90A(@; (g, X))y, (qt, A)),i = 1,2, are continuous at (0, Ag).
Therefore there exist constants C, § > 0 such that

9
'ﬁ(wi(xoq”, X)Ym (x0q", k))‘ <C, nelN, |x—2i| <86 (3.26)
Hence

xo(1 —q)q" <xA(l - q)q", neN,

d
5 @ (x0g™™", X)ym (x0g"' 1))

for all A in the disc |A — A¢| < 8. i.e. the series corresponding to the g-integrals

X0 8
/ a5, (@it Mym(qt, 1) dgt, i=12 (3.27)
0

are uniformly convergent in a neighbourhood of . = Xy. Thus, we can interchange the
differentiation and integration processes in (3.25). Since xg, Ao are arbitrary, then

9 3 9
ﬁymﬂ(x,)\) = ayl(x,k) —q/o ﬁ(fpz(x,)»kpl(qt,k)ym(qt,k))v(qt)dqt

* 0
+q /O 5 @106 ea(gt, Dymlat, M)v(gD dyt, (3.28)

for all x € [0,a],A € Qy. From (3.24) the integrals in (3.28) are continuous at (0, A).
Consequently ,j)% Ym+1(x, A) is continuous at (0, A). Let xo € [0, a] be arbitrary. Then there
exists B(xg), B(xg) > 0 such that

B(x)
2 ki

Finally the use of the mathematical induction yields

i) (AB(x0)A(1 —g))"

@i (x0, 1)] < I Iy1(x, M| < B(xo), A€ Q. (3.29)

Y1 (X0, A) = Y (X0, M| < B(xo)g (3.30)

(q: @m
Consequently the series (3.11), with x = x, converges uniformly in €2, to ¢ (xo, A). Hence
@ (xg, A) is analytic in €2, i.e. it is entire. U

4. The self-adjoint problem

In this section we define a basic Sturm-Liouville problem and prove that it is self-adjoint
in Lg(O, a). The following lemma which is needed in the following indicates that unlike
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the classical differential operator d/dx, D, is neither self-adjoint nor skew self-adjoint.
Equation (4.2) indicates that the adjoint of D, is —équ .

Lemma 4.1. Let f(-), g(-) in L} (0, a) be defined on [0, g~ 'a]. Then, for x € (0, al, we have
(Dyg)(xq™") = Dy rq18(xq™") = Dy-1g(x), @1
(D, 6) = F@ilag D - Jim flag" s D+ (£, D) @2)
<—$Dq1f, g> = lim f(aq")glag") — f(ag™)g(@) +(f. Dyg).  (4.3)

Proof. Relation (4.1) follows from

gx) —glg7'x)  glxg™H —gx)

_ _ -1 _ ] —1
Dyig ) = S T = L Sy = Pe ) = Dy iglxa ™.
4.4)
Using formula (2.19) of g-integration by parts we obtain
(.00 = [ Dy g
0
— f@s@ — lim flaqgaq) ~ [ fanDs d
- - qa ] —
= fl@)g(a) — lim f(aq")g(aq") — ; f(l)qu-lg(t)dqf
= f(a)ga) — lim f(aqg")g(ag") +aq™"(1 - q)f(@)D4-18(a)
a -
+f f@®)—Dy-1g(t)dyt
0 q
_— _— -1
= fla)glag™) — lim f(ag")g(ag"~") + <f, 7Dqg>, 4.5)
proving (4.2). Equation (4.3) can be proved by the use of (4.2). O
Now consider the basic Sturm-Liouville problem
L(y) = —quanqy(x) +v(x)y(x) = Ay (x), 0<x<a<o, reC, (4.6a)
q
Ui(y) == any(0) + ainDy-1y(0) =0, (4.6b)
Ux(y) :=any(a) + anDy-1y(a) =0, (4.6¢)

where v(-) is a continuous at zero real-valued function and {a;;}, i, j € {1, 2} are arbitrary real
numbers such that the rank of the matrix (a;;)1<; j<2 is 2. Problem (4.6a)—(4.6¢) is said to be
formally self-adjoint if for any functions y(-) and z(-) of C; (0, a) which satisfy (4.6b), (4.6¢),

(ly,z) = (y, £z). “4.7)

Theorem 4.2. The basic Sturm—Liouville eigenvalue problem (4.6a)—(4.6¢) is formally self-
adjoint.
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Proof. We first prove that for y(-), z(-) in Lfl (0, a), we have the following g-Lagrange’s
identity

/O (€y(0)z(x) = y(0)E2(x)) dgx = [y, 2](@) — lim [y, z](aq"), (4.8)

where

[y, 2](x) := y(¥) Dg-12(x) = Dy1y()z(x). “.9)
Applying (4.3) with f(x) = D,y(x) and g(x) = z(x), we obtain

1 S
<—5Dq-n Dyy(x), z(x>> = —(Dyy)(ag~)z(@) + lim (Dyy)(aq"~")z(aq") + (Dyy. Dyz)

= —Dy-1y(@)z(a) + lim Dy-1y(ag")z(ag") +(Dyy. Dy2).

(4.10)
Applying (4.2) with f(x) = y(x), g(x) = Dyz(x),
_ —_ 1
{Dgy, Dyz) = y(@)Dyz(ag™") — lim y(aq")Dyz(ag"~") + <y, —5Dq1qu>
_ - 1
= y(a)Dy-1z(a) — nll)rgo y(aq")D,-1z(aq™) + <y, —aDqquz>. 4.11)
Therefore,
1 1
——D,1Dyy(x),z(x) ) = [y, zl(@) — lim [y, z](aq") +{y, —— D41 Dyz). (4.12)
q n—o0 q

Lagrange’s identity (4.8) results from (4.12) and the reality of v(x). Letting y(-), z(:) be in
qu (0, a) and assuming that they satisfy (4.6b), (4.6c), we obtain

aiy(0) +apD,-1y(0) =0, a11z(0) + a;pDy-1z(0) = 0. (4.13)

The continuity of y(-), z(-) at zero implies that lim,_, [y, z](ag") = [y, z](0). Then (4.12)
will be

1 1
<—5unqu<x), z(x)> = [y, 2l(@) — [y, 2)(0) + <y, —;anqu>. (4.14)

Since a;; and a;, are not both zero, it follows from (4.13) that
[y, 2J(0) = y(0)Dy-12(0) — Dy-1y(0)z(0) = 0.
Similarly,
[y, 21(@) = y(@)Dy-1z(a) — Dy-1y(@)z(a) = 0.

Since v(x) is real valued, then

1
(t(y). z) = <_5Dq'qu(x) + V() y(x), Z(X)>
1
= <—5Dqquy(X), Z(X)> +(v(x)y, z(x))

1
= <y, —5Dq1qu(x)> +{y, v(x)z(x)) = (y, £(2)),
i.e. £ is a formally self-adjoint operator. |

A complex number A* is said to be an eigenvalue of the problem (4.6a)—(4.6¢) if there is a
non-trivial solution ¢*(-) which satisfies the problem at this A*. In this case we say that ¢*(-)
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is an eigenfunction of the basic Sturm-Liouville problem corresponding to the eigenvalue 1*.
The multiplicity of an eigenvalue is defined to be the number of linearly independent solutions
corresponding to it. In particular, an eigenvalue is simple if and only if it has only one linearly
independent solution.

Lemma 4.3. The eigenvalues and the eigenfunctions of the boundary value problem (4.6a)-
(4.6¢) have the following properties.:

(i) The eigenvalues are real.
(ii) Eigenfunctions that belong to different eigenvalues are orthogonal.
(iii) All eigenvalues are simple from the geometric point of view.

Proof. The proof is similar to that of differential equations, cf [13], and hence it is omitted.
O

In the following we indicate how to obtain the eigenvalues and the corresponding
eigenfunctions.  Let ¢;(-, 1), ¢2(-, A) be the linearly independent solutions of (4.6a)
determined by the initial conditions

DI7'$;(0, 1) = &3, i,j=1,2, L eC. (4.15)

Thus ¢ (-, A) is determined by (3.13) by taking ¢; = 1, ¢; = 0 and ¢, (-, A) is determined by
taking ¢; = 0, ¢, = 1. Then, every solution of (4.6a) is of the form

y(x,A) = A1g(x, 1) + Aaha(x, A), (4.16)

where A; and A, do not depend on x. A solution y(-, A) of (4.6a) will be an eigenfunction if
it satisfies the boundary conditions (4.6b)—(4.6¢), i.e. if we can find a non-trivial solution of
the linear system

AU (1) + AUr(¢2) =0, AUz (¢1) + AUz (¢2) = 0, (4.17)
Hence, A € R is an eigenvalue if and only if

Ui(p1) Ui(d2)
Us(¢1) Uzx(e)

The function A (X) defined in (4.18) is called the characteristic determinant associated with the
basic Sturm—Liouville problem (4.6a)—(4.6¢). The zeros of A(A) are exactly the eigenvalues
of the problem. Since ¢;(x, 1) and ¢, (x, A) are entire in A for each fixed x € [0, a], then A(L)
is also entire. Thus the eigenvalues of the basic Sturm-Liouville system (4.6a)—(4.6¢) are at
most countable with no finite limit points. From lemma 4.3 we know that all eigenvalues are
simple from the geometric point of view. We can prove that the eigenvalues are also simple
algebraically, i.e. they are simple zeros of A(X). Indeed, let 6; (-, A) and 8, (-, A) be defined by
the relations

AL = ‘ =0. (4.18)

O1(x, 2) := Ur(¢2)¢1(x, 1) — Ui ()2 (x, 1),

(4.19)
02(x, A) 1= Ua(92)P1(x, 1) — Ua(¢1)¢2(x, A),
Hence, 6, (-, 1), 6>(-, A) are solutions of (4.6a) such that
010, A) = a2, Dy-101(0, &) = —ay1; Or(a,)) = axn, Dy-16x(a,r) = —an.
(4.20)

One can verify that

We(01(, 2), 02(-, M) (x, 1) = AR We (i (-, 1), $2(-, 1) = A(R). (4.21)
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Let A be an eigenvalue of (4.6a)—(4.6¢). Then A is a real number and therefore 6; (x, 1¢) can
be taken to be real valued, i = 1,2. From (4.21), we conclude that 6;(x, Ag), 62(x, Ag) are
linearly dependent eigenfunctions. So, there exists a non-zero constant ko such that

01 (x, o) = koba(x, Ao)- 4.22)
From (4.19) and (4.20)
O1(a, ko) = koaxn = kot (a, A), D 161(a, ho) = —koaz1 = koDy-16;(a, ). (4.23)

In the g-Lagrange identity (4.8), taking y(x) = 6;(x, 1), and z(x) = 6,(x, X¢) implies

(O )»0)_/ 01 (x, 1)01(x, Ao) dgx = 01(a, A)Dy-101(a, o) — Dy-101(a, 1)01(a, Ao)
0

= ko(61(a, \)Dy165(a, L) — 62(a, ) D101 (a, 1))
= koW, (61(, 1), 62, V)(q'a) = koA ().

Since A()) is entire in A,

AQ) 1

’ e 13 - ¢ 2
A'(hg) = Ah%n)\lo e '/0 07 (x, Ao)dgx # 0. (4.24)

Therefore A is a simple zero of A(}).

5. Basic Green’s function

The g-type Green’s function arises when we seek a solution of the nonhomogeneous equation
1

——Dg1Dyy(x) + {=A +v(x)}y(x) = f(x), x€[0,a], 2€eC, (5.1
q

which satisfies the boundary conditions (4.6b), (4.6¢), where f(-) € Lé(O, a) is given. First,
we note that if X is not an eigenvalue of the Sturm—Liouville problem (4.6a)—(4.6¢), then the
solution of (5.1), if it exists, would be unique. To see this, assume that x;(x, 1), x2(x, 1) are
two solutions of (5.1). Then x;(x, A) — x2(x, A) is a solution of the problem (4.6a)—(4.6¢).
So, it is identically zero if XA is not an eigenvalue. Another proof of this assertion is included
in the proof of the next theorem.

Theorem 5.1. Suppose that A is not an eigenvalue of (4.6a)—(4.6c). Let ¢ (-, A) satisfy the
q-difference equation (5.1) and the boundary conditions (4.6b)—(4.6¢), where f(-) € Lf] 0, a).
Then

a
¢(x,A) = / G(x,t, M) f(t)dgt, x €{0,aq™, m € N}, (5.2)
0
where G(x,t, A) is Green’s function of problem (4.6a)—(4.6¢) and it is given by
—1 |6a2(x, 1)0: (1, 1), 0<r7r<ux,
Gt ny=—1" 1€ (5.3)
A | 01(x, M)02(2, 1), x <t<a.

Conversely the function ¢ (-, A) defined by (5.2) satisfies (5.1) and (4.6b)—(4~.6c). Green’s
function G(x, t, A) is unique in the sense that if there exists another function G(x, t, \) such
that (5.2) is satisfied, then

G(x,t,A) = a(x, t,A), in Lf]((O, a) x (0, a)). 5.4
If f(-) is g-regular at zero, then (5.2) holds for all x € [0, a].
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Proof. Using a g-analogue of the methods of variation of constants, a particular solution of
the non-homogenous equation (5.1) may be given by

d(x, 2) = c1 ()01 (x, 1) + c2(x)02(x, 1), (5.5)
where ¢ (x), co(x) are solutions of the first-order q-difference equations
Dy xc1(x) = A(A)Qz(qx A) f(gx), Dy xc2(x) = A(A) 01(qx, 1) f(gx). (5.6)
From lemma 2.1, the functions D, ,c;(x),i = 1, 2, are g-integrable on [0, ¢] if and only if
lim 1¢"6; (tq"™", 1) f(tg™") = 0, i=1,2. (5.7)
n—oo
Define the g-geometric set A y by
={x €[0,a]: lim xg"|f(xg™)|* = 0}. (5.8)
n—0oQ

Ay is a g-geometric set containing {0, ag™, m € N} since f € L;(O, a). Hence, D;c;(-),
i = 1,2, are g-integrable on [0, x] for all x € A and appropriate solutions of (5.6) are
given by

e1(x) = ¢, (0) + ﬁ/{) 0>(qt, 1) £ (qr) dyt, xeA; (5.9)
er(x) = ca(a) + ﬁ/x 01(qt. 2) f(qr) dyt, x €Ay (5.10)

That is the general solution of (5.1) is given by

B, 2) = 113, 2) + o, 1) + S () / 61, 1) £ (q1) dyt

+$92(x,x)fx 01(qt, 1) £ (q) dt, (5.11)

where x € Ay, and ¢y, ¢, are arbitrary constants. Now, we determine cy, ¢, for which ¢ (x, A)
satisfies (4.6b), (4.6¢). It easy to see that

$(0. ) = c16,(0, 1) + (02+ . f 01(qt, 1) £ (gt) dqt) 6>(0, 1),
A(A) Jo
$(xg". 1) — p(0, )

xq"

Dy1¢p(0, ) = lim
XEAf

a

= 1D, 16,0, 1) + (cz + ﬁ 01(qt, ) f(qt) d,,z) D,16,(0, ).

The boundary condition a;1¢ (0, A) + a12D,-1¢ (0, A) = 0 implies that

(cz + ﬁ/o Oi(qt, 1) f(q1) dqt) Wq (61, 62)(0) = 0. (5.12)
Therefore,

¢y = %/O 01(qt. 1) f(gt) dgt. (5.13)
Hence,
¢ (x,A) = c161(x, )»)+m/ (O1(x, MO(gt, 1) — O (x, MO (qt, 1)) f(gt) dgt.  (5.14)
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Now we compute ¢ (a, A) and D,-1¢(a, 1). Indeed, from the definition of the g-integration
(2.14) and relation (5.11)

¢(a, r) =ci0i(a, r) + Aé(]k) / (Oi(a, )0x(gt, L) — 02(a, M)01(qt, L)) f(gt) d,t
0
qla
= 161 (a, A>+ﬁ O1(a, MOx(qt, 1) — Oa(a, MO (qt, 1)) f (qt) dyt
and
¢ 'a
D, 1¢(a.h) = Dy161(a. 3) <c1 +ﬁ 0 ez(qt,x)f(qz)dqt>

-1

q 'a
—ﬁ%lez(a,x)/ﬂ 01(qt, 1) f(q1) dt.

The boundary condition az¢z(a, 1) + axn D,-1¢2(a, A) = 0 implies

<cl -l Oq “0a(gt. 1) fg0) dqt) W, (6. 6:)(a) = 0. (5.15)
Hence
—q q'a
c1 = ACY 02(qt, 1) f(qt) dq. (5.16)
Soforx € Ay
. 0) = Amezoc x)/ 01(qt, ) F(qt) dgt — Ameloc » /q “0a(gt. 1) f(gt) dyt

qx
= 92(x, A)/ 01, M) f(t)dgt —

A(A) =6 (x, A)/ 0x(1, 1) f (1) dgt

A(A)

- Lo x)/ 01(0, 1) f (1) dyt —

A(L) o th(x, /\)/ Ox(t, 1) f(t) dyt.

A(A)
proving (5.2), (5.3). Conversely, by direct computations, if ¢ (x, 1) is given by (5.2), then
it is a solution of (5.1) and satisfies the boundary conditions (4.6b), (4.6c). To prove the
uniqueness, suppose that there exists another function, G (x, ¢, A), such that

Y(x, A) = / G(x,1, 1) f(1)dyt, (5.17)
0
is a solution of (5.1) which satisfies (4.6b), (4.6¢). For convenience, let
Gi(x,t, 1), 0<r<x,
G(x,t,\) =
Go(x,t,)), x<t<a,
- Gi(x,1, 1), 0<1t<x,
G(x,t,A) =1 ~
Gz(-xvts)")v xgtga

By subtraction,

/ {G(x,t,)»)—é(x,t,k)}f(t)dqt =0, x € {0,aq™, m € N}, (5.18)
0
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for all functions f(t) € Lg(O, a). Letus take f(t) := G(x,t, 1) — 6()5, t,A)and x = aq™,
m € N. Then

m

aq

/ IG(MI'"J,)»)—5(aqm,tﬁl)|2dqt=/ Gi(ag™. 1. 1) — Gi(ag™ . t. )| dyt
0 0

a
+ / |G2(aqm3ta)")_GZ(aqmstv)"deqt
ag”

00
=a(l—¢) Y ¢"|Gag" ag", ) — Gag" ag", M =0 (5.19)
n=0

Therefore, from (5.19) we conclude that
G(aqm,aq",k)=5(aq’",aq",)~), m,n € N.
If f(-) is g-regular at zero, then Ay = [0, a] and (5.2) will be defined forall x € [0,a]. [

Theorem 5.2. Green’s function has the following properties:

(i) G(x,t,\) is continuous at the point (0, 0).
(ii) G(x,t,A) = G(t, x, \).

(iii) For eachfixedt € (0, gal, as a function of x, G(x, t, A) satisfies the q-difference equation
(4.6a) in the intervals [0, t), (¢, a] and it also satisfies the boundary conditions (4.6b),
(4.6¢).

(iv) Let Ao be a zero of A(X). Then Ly can be a simple pole of the function G(x, t, L), and in
this case

—o(x)Yo(r) N

A — Ao

where 6()6, t, X) is an analytic function of A in a neighbourhood of Ay and ¥ (-) is a

normalized eigenfunction corresponding to L.

G(x,t,A) = G(x, 1,7, (5.20)

Proof. (i) Follows from the continuity of 6 (-, 1), 8,(-, 1) at zero for each fixed A € C and (ii)
is easy to be checked. Now, we prove (iii). Let r € (0, ga] be fixed. If x € [0, ¢], then

G(x,t,\) =

AGY O1(x, 1)02(¢, A).

So,
1 A
A(A)eZ(t’ MO (x, L) = m@z(l‘, A0 (x, A) = AG(x, t, L).
Similarly if x € [¢, a]. From (4.20) and (5.3), we have

LG(x,t,A) =

1
a;GO,t,X) +a;p D1 G0,1,1) = m%(l, M{ai16:1(0, 1) +a;nDy-101(0, 1)} =0,

a1 G(a,t,A) +anDy,1Gla,t, ) = 01, M{axbi(a, A) + axnDy-101(a, M)} = 0.

A(Q)
(iv) Let A¢ be a pole of G(x, ¢, 1), and R(x, t) be the residue of G(x,, A) at A = A. From
(4.22) and (4.24), we obtain

A=A
. —1 . 0
R(x,1) = klinio(k —20)G(x,1,A) =ky 01(x, 20)01(7, 10) Alirgo AGY

01 (x, 20)01(t, Ao)

= —m = —Yo(x, Ap) Y1 (2, Ao). -
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6. Eigenfunctions expansion formula

In this section, the existence of a countable sequence of eigenvalues of £ with no finite limit
points will be proved by using the spectral theorem of compact self-adjoint operators in Hilbert
spaces (see, e.g., [6]). Moreover it will be proved that the corresponding eigenfunctions form
an orthonormal basis of Lg (0, @). We define the operator £ : Dy — Lg (0,a)tobe Ly = Ly
for all y € D, where D, is the subspace of Lfl (0, a) consisting of those complex-valued
functions y that satisfies (4.6b), (4.6¢) such that D, y(-) is g-regular at zero and Dg y(-) lies in
L; (0, a). Thus L is the difference operator generated by the difference expression £ and the
boundary conditions (4.6b), (4.6¢). By L(y) = Ly, we mean that £(y) = Ay and y satisfies
(4.6b), (4.6¢). The operator £ has the same eigenvalues of the basic Sturm—Liouville problem
(4.6a)—(4.6c). We assume without any loss of generality that A = 0 is not an eigenvalue. Thus
ker £ = {0}. From the previous section the solution of the problem

(Ly)(x) = fx), feL0,a), (6.1)
is given uniquely in lei (0, a) by

y(x) = / G(x, 1) f(1)dgt, (6.2)
0
where
c01(1)0,(x), 0<r<x 1
G(x,1) = G(x,1,0) = 1(£)62(x) o= ——— (6.3)
¢t (x)02(1), x<t<a, W, (61, 6)
Replacing f(-) by Ay(-) in (6.1), then the eigenvalue problem
(Ly)(x) = ry(x), (6.4)
is equivalent to the following basic Fredholm integral equation of the second kind:
y(x) = x/ G(x, 1)y(t) dyt, in L2(0,a). (6.5)
0
Let G be the integral operator
G:Li0.0 > 1200, GH0= [ Gunswdn 66
0
We prove that
Lo f =T, [ € L30,a). (6.7)
We show first that y = G f € D,. From (6.5) and (6.6)
y(x) = (G )(x) = 0:(x)y1(x) + 61 (x) y2(x), (6.8)

where
e = / O OFNO ), ) =c f 620 £ (1) d,t.
0 X

Thus, forall x € Ay, cf. (5.8),
Dyy(x) = Dy0:(x)y1(qx) + Dy61(x)y2(gx), (6.9)

D2y(x) = —qv(gx)(»)(qx) — qf (qx) € L2(0, a). (6.10)
Since D,6;(x, 1), yi(x),i =1, 2, are g-regular at zero, then so is D, y(-) and
y(xq") — y(0)

D,-1y(0) = D,y(0) = lim
30 = Dyy(©) = Jim =

XEAf

= Dy-160,(0)y2(0),
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y1(0) =0, and y,(a) = 0, then

a1 y(0) + ainDy-1y(0) = (a1161(0) + a2 Dy-16;(0)) y,(0) = 0,
and

azny(a) +anDy-1y(a) = (a2162(a) + anDy-102(a))yi (a) = 0.

Thus y € D,. It follows from (6.10) that Ly = (£G)(f) = f. Hence we have established
(6.7). Also, we can see that

@GOG =, y €Dr. (6.11)

Indeed, replacing f in (6.7) by Ly, we get Ly = LGLy. Thus y = GLy since L is assumed
to be injective. It follows from (6.7) and (6.11) that ker G = {0} and ¢ is an eigenfunction of
G with an eigenvalue u if and only if ¢ is an eigenfunction of £ with an eigenvalue 1/pu.

Theorem 6.1. The operator G is compact and self-adjoint.

Proof. Let f, h € Lé (0, a). Since G(x, t) is a real-valued function defined on [0, a] x [0, a]
and G(x,t) = G(¢t, x), thenfor f, h L;(O, a),

G(f). ) = /O G ORE) dyx = /0 /0 G 1) f (R dyt dyx

=/O f(t)</0 G(t,x)h(X)qu) dyt = (f, G(h)),

i.e. G is self-adjoint. Let {¢;;(x, 1) = ¢;(x)¢;(t)} be an orthonormal basis of Lé((O, a) x
(0, a)). Consequently G = ZE‘}ZI(G, ¢ij)¢ij. Forn € Z* set G, = 37 (G, ¢ij)¢ij, and
let G, be the finite rank integral operator defined on L; (0, a) by

Gu(f)(x) ::/ Gu(x, 1) f(2)dgt, in LCZZ(O, a). (6.12)
0

Obviously G, is compact for all n € N. From Cauchy—Schwarz’ inequality
a 1/2
G =GN = (/ (G — Qn)(f)(x)lqut)
0

p 2 1/2
i 9
0
a pra 1/2 a 1/2
<</ / |<G—Gn)<x,r>|2dqrdqx) (f |f<x>|2dqx)
0 0 0

/0 (G = G)(x, (@) dgt

=G = Gull2ll 1l
then
G —Gull <IIG =Gyl =0 as n — oo.
This completes the proof. O

Corollary 6.2. The eigenvalues of the operator L form an infinite sequence {Ai}7>, of real
numbers which can be ordered so that

Al < ha] <o < |Ap] <--- = 00 as n — oo.

The set of all normalized eigenfunctions of L forms an orthonormal basis for Lz 0, a).
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Proof. Since G is a compact self-adjoint operator on LEI (0, a), then G has an infinite sequence
of non-zero real eigenvalues {u,},2,, S R, u, — 0asn — oo. Let {¢,};2, denote an
orthonormal set of eigenfunctions corresponding to {i,},>,. From the spectral theorem of

compact self-adjoint operators, we have,

o0
G(F) =D halfs bu)pn- (6.13)
n=0
Since the eigenvalues {1, ]2 ; of the operator L are the reciprocal of those of G, then

R — 00 as n — oQ. (6.14)

1
||
Lety € D,. Then, y = G(f), for some [ € L; (0, a). Consequently,

Y= halfobudn = 1ally, ¢n)bn

n=0 n=0
= Z Un{y, Ldp), = Z<Ya Du) Py
n=0 n=0

If zero is an eigenvalue of £. Then, we can choose r € R such that r is not an eigenvalue of
L. Now, applying the above result on £ — rI in place of £ yields the corollary. ]

Example 1. Consider the g-Sturm—Liouville boundary value problem
1
—Eququy(x) = Ay(x), (6.15)

with the g-Dirichlet conditions

Ui(y) =y(0) =0, Us(y) = y(1) = 0. (6.16)

A fundamental set of solutions of (6.15) is

sin «/Xx;
¢1(x, 1) = cos(vVAx; q), $a(x, ) = M- (6.17)
v
Now, the eigenvalues of problem (6.15) are the zeros of the determinant
Ui(g1) Ux(o1) sin(v/4; )
A = =@ (l,A) = ———. 6.18
*) ‘Ul«bz) Usign)| = P =5 (©19)
Hence, the eigenvalues {1, }° | are the zeros of sin(v/A; q). From (2.11),

Ay = (1 _ q)72q72n+2€;(171/2)’ n> 1’ (619)
for sufficiently large n and the corresponding set of eigenfunctions {W}Zz] is an
orthogonal basis of L; (0, 1). In the previous notation

. o
f1x, ) = S0 (6.20)
NS
and
in(v'A; in(vAx;
02 (x, 1) = mcos(ﬁx; ) +cos(v/A; q)M. 6.21)

v v
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So, if A is not an eigenvalue, Green’s function is given by

sin(v/At; q) sin(v/A; q) sin(v/Ax; q)
Gx,t,\) = ————— AX; q)——— — rMg)————), 6.22
(x,t,2) e 0) <cos(~/_x q) 7 cos(v/A; q) 7 (6.22)

for0 <r < x,and

i Ax; i A i AL

G(x, 1, 1) = W—XCI) Cos(ﬁt; ‘DM _ cos(\/x; q)w , (6.23)
sin(v/1; ) Vi Vi

for x <t < 1. Since A = 0 is not an eigenvalue, then Green function G (x, t) is nothing but

t(1 —x), 0<r<x,

G(x’t):G(x’t’o):{x(l—t) y<t <1

Hence the boundary value problem (6.15), (6.16) is equivalent to the basic Fredholm integral
equation

1
y(x) = A/ G(x,1)y(t)dyt. (6.24)
0

Example 2. Consider equation (6.15) with the g-Neumann boundary conditions
Ui(y) = Dgiy(0) =0, Us(y) = Dyry(1) =0. (6.25)
In this case 6; (x, 1) = cos(+/Ax; ¢), and
02(x, 1) = cos(vVag "% q) cos(Vax; q) + /g sin(vag T @) sin(v/Ax; q).

Since A(L) = /g&sin(~/Ag~"/?; g). Then Ay = 0 and for sufficiently large n, the eigenvalue
are given by

(=1/2)

)\«n — q—2n+l+2€,, , n 2 1 (626)

Therefore, {1, cos(+/A,x; q)}52, is an orthogonal basis of Lg (0, 1). If A is not an eigenvalue,
then Green’s function G (x, ¢, A) is defined for x, ¢ € [0, a] x [0, a] by

cos(v/at; )

_ _ -1/2. )
G(x,t,\) = Jquin(ﬁq*l/z;q)(Cos(ﬁq . q) cos(v/Ax; q)
+/4 sin(vag~"%; ) sin(v/Ax: ),

and
_ COS(\/XX; q) —1/2. .
G(x,t,)) = _Jq_ksin(\/xq—l/2; > (cos(ﬁq 3 q) cos(«/Xt, q)
+.q9 sin(ﬁqil/z; q) sin(\/xt; q), x <t <1

The operator £ associated with problem (6.15), (6.25) is not invertible since zero is an
eigenvalue.
Example 3. Consider (6.15) with the following boundary conditions:

Ui(y) = y(0) =0, Ua(y) = y(1) + Dg-1y(1) = 0. (6.27)
Then A(A) = ¢o(1, M)+ Dy-192(1, 1) = %+cos(ﬁq’l/z; q). The eigenvalues {1, }72
of this boundary value problem are the solutions of the equation

% = —cos(vAqg™'%; q) (6.28)
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and the corresponding eigenfunctions are {% }ZOZI The functions 6, (x, 1) and 6,(x, A)
are

. ox:
Ql(x7 )\’) — M,
VA
in(ViTq
Or(x, 1) = (cos(ﬁq”z; q)+ W) cos(~/Ax; q)
in(VixTa
— (=/Ag sin(v/2g ™% g) + cos(V/A; q))M.
VA
If A is not an eigenvalue, then Green’s function G (x, ¢, A) is defined to be
—1 sin(v/At; ¢)02(x, 1), 0<1t<x,
Gx,t,A) = —
sin(v/A; @) + VA cos(vAg12; q) | sin(v/Ax; ¢)0a(t, 1), x<r <L
and
_—1 (2 —x), 0<r<x,
G(x’t)_T{x(z—z), x<tr<1.

Therefore the boundary value problem (6.15), (6.27) is equivalent to the basic Fredholm
integral equation

1
y(x) = k/o G(x,)y(t)dgt.

Remark 1. Let r(-) be a real-valued function defined on [0, ¢ ~'a] such that r(x) 5 0 for all
x € [0,g'a] and D,-1r(0) exists. Let w(-) be a real-valued function defined on [0, a] and
positive on {0, ag”, n € N}. The Sturm-Liouville problem (4.6a)—(4.6¢) may be defined for
0<x<a<oo,AeCtobe

-1
M(y) = 7Dq—l(r(X)qu(X)) +v(x)yx) = Aw(x)y(x), (6.29a)
Ui(y) :=any0) +ann(rDyy)(0) =0, (6.29b)
Us(y) = axn y(a) + an(rDyy)(ag™") =0, (6.29¢)

where the functions v(-) and the constants {a;;}, i, j € {1, 2}, are as in section 4. In this case
we will have the Lagrange identity

fo (My)(0)z(x) = y(@)(M2)(x)) dgx = [y, Zl(a) — lim [y, Z)(ag"), (6.30)
where
[y, 2](x) = y(x)(rDy2) (xq™") — (rDyy) (xq ™ Hz(x). (6.31)

If y(-), z(-) and r (-) are g-regular at zero, then Lagrange’s identity (6.30) will be nothing but
/ (My)(x)z(x) — y(x)(M2)(x)) dyx = [y, Zl(a) — [y, Z1(0). (6.32)
0

Problem (6.29a)—(6.29¢) is formally self-adjoint in L;([O, al; w(-)), where L;([O, al; w(-))
is the Hilbert space

L0,k w() = (7 0.1 > C: [ IF@Pudr <o) 63)
0
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with the inner product

(fs 8w = fo g w(x)dyx, [ €LX((0.a);w()).  (6.34)

In a way similar to the theory developed in section 5, the eigenvalue problem (6.29a4)—(6.29¢)
is equivalent to the g-type Fredholm integral equation

yx) = ?»/0 G(x,8)y(E)w(E)dyé, (6.35)

where G(x, &) is Green’s function associated with the problem. Consequently all results
established above hold in this setting. In particular, problem (6.294)—(6.29¢) has a countable
set of real simple eigenvalues {A;}7°, with no finite limit points. A corresponding set of
eigenfunctions {¢y(-)}72, is an orthonormal basis of L;((O, a); w(-)).
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